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Textbook Cyclotrons

mv2/r = qvB, so mω0 = qB, with r = v/ω0

With B constant
in time and uniform
in space, as particles gain
energy from the rf system,
they stay in synchronism,
but spiral outward in r.
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1938 Cyclotron (Not like TRIUMF)

The natural decline of B with r actually helped. 1938: (R.R.
Wilson) orbit theories developed, the effect is understood.

Flat field:
νz = 0, νr = 1. But a field
which falls as r increases
provides a restoring force
toward the median plane.
No one thought of B = B(θ); only B = B(r). Why?
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Simple Cyclotron Orbits
Vertical
forces result from radial B:

Fz = qv Br

Taylor expand: Fz ≈ qv
∂Br

∂z
z

since ∇× ~B = ~0: mz̈ = qv
∂Bz

∂r
z

This results in SHM of frequency
ωz:

ω2
z = − qv

m

∂Bz

∂r

R. Baartman, TRIUMF 3



and tune νz = ωz/ω0:

ν2
z = − qv

mω2
0

∂Bz

∂r
= − r

Bz

∂Bz

∂r
≡ −κ

(κ is “field index”). Similarly, ν2
r = 1 + κ. This sets the

requirement −1 < κ < 0.

Field must fall monotonically with r or it blows up vertically.
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Relativity

It turns out that for higher energies, the cyclotron resonance
condition remains simple

mγω0 = qB, with r = βc/ω0

That means
κ =

β

γ

dγ

dβ
= β2γ2

In other words, we cannot satisfy −1 < κ < 0: Cannot have
both vertical focusing and relativistic energy with this kind
of cyclotron!
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Hans Bethe (1937): ... it seems useless to build cyclotrons of
larger proportions than the existing ones... an accelerating
chamber of 37 cm radius will suffice to produce deuterons of 11
MeV energy which is the highest possible...

Such was Bethe’s influence, that when a paper appeared in
1938, which appeared to resolve the problem, it was ignored for
at least a decade. That paper was The Paths of Ions in the
Cyclotron by L.H. Thomas.

Frank Cole: If you went to graduate school in the 1940s, this
inequality [−1 < κ < 0] was the end of the discussion of
accelerator theory.
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This is NOT the kind of cyclotron we have
at TRIUMF!

At TRIUMF, we have vertical focusing and γ = 1.55. How?

It is a different kind of cyclotron, invented by the MURA group in
1954.
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Thomas focusing → FFAG

Separate
the magnet into sector fields and drifts
and you have edge focusing at every
sector edge (Thomas, 1938). Replace
drifts with negative fields, and get even
more focusing (Ohkawa 1953; Symon,
Kerst, Jones, Laslett, Terwilliger, 1956).
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Spiral focusing

It’s strong focusing with a radially extended gap.
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Isochronism

Orbit length L is given by speed and orbit period T :

L =
∮

ds =
∮

ρdθ = βcT.

The local curvature ρ = ρ(s) can vary and for reversed-field bends (Ohkawa,
1953) even changes sign. (Along an orbit, ds = ρdθ > 0 so dθ is also negative
in reversed-field bends.) Of course on one orbit, we always have

∮
dθ = 2π.

What is the magnetic field averaged over the orbit?

B =
∮

Bds∮
ds

=
∮

Bρdθ

βcT
.
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But Bρ is constant and in fact is βγmc/q. Therefore

B =
2π

T

m

q
γ ≡ Bc γ =

Bc√
1− β2

.

Remember,
β is related to the orbit length:
β = L/(cT ) = 2πR/(cT ) ≡ R/R∞. So

B =
Bc√

1− (R/R∞)2
.

Of course, this means the field index
is κ = R

B
dB
dR = β

γ
dγ
dβ = β2γ2 6= constant.
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Tunes

ν2
r = 1 + κ, and ν2

z = −κ + F 2(1 + 2 tan2 ξ)

These expressions were originally derived by Symon, Kerst, Jones, Laslett,
Terwilliger in the 1956 Phys. Rev. paper.

For isochronous machines, we therefore have

νr = γ, and ν2
z = −β2γ2 + F 2

(
1 + 2 tan2 ξ

)
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Recap: FFAG cyclotrons

• Orbit length ∝ β (obvious for isochronism).

• B averaged on orbit ∝ γ.

• Radial tune = γ.

• Vertical tune depends upon size of relative variation of B(θ),
and on spiral angle.
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Energy B R βγ ξ 1 + 2 tan2 ξ F 2

100 MeV 0.335T 175 in. 0.47 0◦ 1.0 0.30
250 MeV 0.383T 251 in. 0.78 47◦ 3.3 0.20
505 MeV 0.466T 311 in. 1.17 72◦ 20.0 0.07
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TRIUMF Details:

Magnet: 4,000 tons

RF volts per turn = 0.4 MV.

Number of turns to 500 MeV = 1250.

RF harmonic = 5: A magnetic field error of 1:12,500 results in a phase slip of
180◦. This means magnetic field tolerance is a few ppm.

Injection energy is 0.3 MeV. That’s a momentum range of a factor of 40.

Peak Intensity achieved: 0.42 mA. This would be 0.2 MW at full duty cycle.

PSI cyclotron has reached 2.4 mA at 590 MeV, 1.4 MW. The reason is that

they have higher injection energy, stronger vertical focusing at injection.
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PSI
cyclotron

(for
comparison)

Outer orbit
is 4.5m
compared
with
TRIUMF’s
7.6m.
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Why does TRIUMF cyclotron look so
different?

Marriage of 2 ideas: FFAG and H− ions.

But at 520 MeV, B cannot exceed 0.58 Tesla, or
Lorentz stripping. This drastically reduces Flutter
δB
B

∣∣
rms. So must compensate with large spiral angle.

Stripping is about 5% at 500 MeV, 2% at 480 MeV.
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At 500 MeV, cannot exceed 0.58 Tesla

TRIUMF:
B̂ = 5.8 kG, PSI: B̂ = 20 kG. Spiral angle is 72◦ for
TRIUMF, 35◦ for PSI.
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Vertical
focusing

in TRIUMF
Peak B is low
because TRIUMF
accelerates
H−; cannot
exceed 0.58 T.
Compare with PSI
(protons), where
peak field is 2 T.
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Radial Tune
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Isochronism (Longitudinal phase space)
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Isochronism (measured)

Take the previous
graph, imagine that
there is a mirror image at
φ→ φ + π, and rotate it 90◦.

Here is
a longitudinal trajectory as
measured by time-of-flight
(Craddock et al, 1977 PAC).
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Same sort of thing as EMMA:
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TRIUMF cyclotron is:

• Fixed Field

• Alternating Gradient

• Non-scaling
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So is EMMA the “World’s First
Non-Scaling FFAG”?
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Let us doublecheck with one of the authors and
definers of the FFAG genre:

Here is slide 27 taken directly out of Larry Jones’ talk
of May 2009 at APS meeting, Denver Colorado.
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EMMA’s Isochronism
EMMA is the first FFAG consisting entirely of quadrupoles. It is
NOT isochronous in its energy range; only isochronous at ONE
energy. It overcomes poor isochronism at other energies simply
by brute force RF power. But it has an advantage: radial tune is
only about γ/2.

Can one flatten the parabolic orbit time dependence on p? Yes,
but the radial tune would rise to γ (20 at injection, 40 at
extraction). This would drive number of cells from 42 to > 80.
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Driving force behind
the TRIUMF cyclotron
was J.R. Richardson
in mid-60s.
Very courageous
to build such a large
different machine with
an incredible 72◦ spiral
angle. But the 1956
paper did contain the vision(right).
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Other implications of extreme spiral angle

Cannot fit the rf resonators between the sectors.

So it had to fit inside the magnet gap.

Inconvenient: gap must be large, rf system “on its
side” has 3 metre cantilevered 1/4-wave resonators
that oscillate (unavoidably; water cooling turbulence)
at 5 Hz.
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But advantages are Huge

• Continuously variable extraction energy 60 Mev to
520 MeV.

• Simultaneous extraction feeding many beamlines,
all at different or same energies.

• Insensitivity to oscillations in rf V (cheaper RF).

• No need for separate turns (cheaper RF).

• Simple low energy injector (also reduces cost).
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Non-intuitive features of H− Extraction:
Phase acceptance

Extremely broad RF phase acceptance because we do not care
how many turns it takes to get to extraction radius.

Example: “On crest” particle (Remember: It stays on crest as in
an electron linac) takes 1250 turns to get to 500 MeV from 400
kV per turn. A particle displaced from crest by 30◦ phase takes
1250/ cos 30◦ = 1443 turns. No matter. Only extracted once it gets
to exactly correct energy.
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Here’s a section of turns, ∆E = 0.36 MV per turn, phase width of
∆φ = 40◦.

To keep turns separate, would need ∆φ < 5◦. Even this would
not work, as the betatron turn width is itself already larger than
the separation. Radius gain per turn = 1.4 mm, 2

√
εβx = 4 mm.

−30 −20 −10 0 10 20 30
308.8

308.9

309

Plotted as R/1 inch vs. φ/1◦.

This also means pulse rise time is SLOW ∼ 400 RF periods or
17 µs.
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Non-intuitive features of H− Extraction:
Emittance

In spite of total mixing of many turns, radial emittance extracted
is smaller than circulating emittance. Below is example of
εr = 1µm circulating, but extracted is 3/4 of this.
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(Simulated) energy versus radius. Foil edge is at 308.9 inches.
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(Simulated) extracted Horiz. phase space. x = R− R̄ vs. Px.
4rms emittance is 0.74 µm.
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Intensity Limit

Activation limit: Can run continuously at ∼ 5 µA loss, one month
cooldown before annual maintenance. E.g. 100 µA at 500 MeV, or
200 µA at 480 MeV, or up to space charge limit at 450 MeV.

Space Charge Limit: 420 µA observed, ∼ 500 µA calculated,
depends strongly upon RF Voltage.

Foils: Pyrolytic graphite foils, 2 mg/cm2 are good to > 200 µA.
Heating is dominated by stripped electrons spiralling through
again and again till extinguished. Power = Beam power / 1836 * 2
= 100 Watts. Glows like a light bulb. At 120 µA, foils last all year.
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Can extend the idea?
Yes, but can only strip once. Thereafter need separated turn
machines.

For kaon factories, we designed
high energy cyclotrons, but they
were never built. Here are two:
3.5 GeV and 12 GeV (protons).

Nowadays
(now that superconducting rf
has advanced), a 15 GeV proton

FFAG cyclotron would be much easier to build than a Muon
FFAG (protons: βγε < 1 µm). Multi-MW would be possible!
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15 GeV. Needs about 50 MV per turn to get the turn separation.
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ν2
r = 1 + κ, and ν2

z = −κ + F 2(1 + 2 tan2 ξ), and κ = β2γ2

Therefore, it is necessary that F 2(1 + 2 tan2 ξ) > β2γ2. The
TRIUMF cyclotron is a demonstration that (1 + 2 tan2 ξ) can be
as large as 20. If F is only of order 1, we can already get βγ > 4.
That’s 3 GeV for protons! To get higher, F must be larger than 1,
so reverse bend areas. This makes the rings larger, but this is
needed anyways to get the turn separation at extraction.

R. Baartman, TRIUMF 50



Summary

TRIUMF cyclotron has operated reliably for almost 40 years.

It’s a cost-effective route to > 100 kW beam power, > 500 MeV
beam energy. It’s continuous wave, not pulsed. Extremely bright
βγεrms < 0.25 µm).

G
R. Baartman, TRIUMF 51



Why can’t scaling be isochronous?

p ∝ Bρ ∝ BR ∝ Rκ+1

Note: R ∝ p
1

κ+1.

Field index is κ. Take p = βγ, then β = p√
1+p2

, and:

T ∝ R

β
∝

√
1 + p2

p
κ

κ+1

This works at p� 1 for κ = 0: Scaling FFAG is isochronous only at
non-relativistic energy.

For p� 1, T ∝ p
1

κ+1: almost works if κ is large enough.
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